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Abstract

We formulate the problem of fair and efficient completion of
indivisible goods, defined as follows: Given a partial alloca-
tion of indivisible goods among agents, does there exist an
allocation of the remaining goods (i.e., a completion) that sat-
isfies fairness and economic efficiency guarantees of interest?
We study the computational complexity of the completion
problem for prominent fairness and efficiency notions such as
envy-freeness up to one good (EF1), proportionality up to one
good (Propl), maximin share (MMS), and Pareto optimality
(PO), and focus on the class of additive valuations as well
as its subclasses such as binary additive and lexicographic
valuations. We find that while the completion problem is
significantly harder than the standard fair division problem
(wherein the initial partial allocation is empty), the consid-
eration of restricted preferences facilitates positive algorith-
mic results for threshold-based fairness notions (Propl and
MMS). On the other hand, the completion problem remains
computationally intractable for envy-based notions such as
EF1 and EF1+PO even under restricted preferences.

Introduction

The problem of fair and efficient allocation of resources, par-
ticularly discrete (or indivisible) resources, is fundamental
to economics and computer science. Such problems arise in
a multitude of applications such as course allocation at uni-
versities (Budish et al. 2017), inheritance division (Goldman
and Procaccia 2015), dividing household chores (Igarashi
and Yokoyama 2023), and dispute resolution (Brams and
Taylor 1996). There is now a well-developed theory on dis-
crete fair division spanning various notions of fairness and
algorithmic results (Amanatidis et al. 2023).

The existing theory of fair allocation of indivisible re-
sources assumes that all resources are initially unassigned.
While this may be a natural assumption, it is not always ap-
plicable in practical scenarios where resource allocation is
predetermined or specific agents are designated to handle
particular tasks. For instance, in a heterosexual couple, cer-
tain household tasks like breastfeeding can only be assigned
to a specific individual. In course allocation, certain courses
may be mandatory for a particular group of students. Sim-
ilarly, in dispute resolution, legal agreements may specify

Copyright © 2025, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

14045

allocating specific assets to each party. In such settings, it
is more natural to assume that specific resources have been
pre-assigned to particular agents. We refer to such resources
as frozen. The goal is to find a fair and efficient completion
of the frozen allocation; that is, to allocate the unassigned re-
sources such that the overall allocation is fair and efficient.

Frozen resources present an interesting challenge, as illus-
trated by the following example. Consider a scenario where
two agents are each pre-allocated one good, and there is one
unallocated precious good. If these agents envy each other
under the frozen allocation, then no completion can satisfy
envy-freeness up to one good (EF1). An allocation is EF1 if
any pairwise envy can be eliminated by removing some good
from the envied bundle (Budish 2011). In the absence of
frozen goods, an EF1 allocation always exists in the standard
setting of fair division (Lipton et al. 2004; Caragiannis et al.
2019). However, as the above example demonstrates, an EF1
completion may not exist with frozen resources. Therefore,
studying the existence and computation of fair and efficient
completion of indivisible resources is crucial.

Another challenge posed by the completion problem is
in the formulation of solution concepts. Specifically, let us
consider the maximin share (MMS) criterion (Budish 2011),
where fairness is defined based on a utility threshold for each
agent. This threshold is defined in terms of an n-person cut-
and-choose game, where the cutter is the last to pick a bun-
dle. When some resources are preassigned, there can be mul-
tiple ways of extending this definition. For example, the cut-
ter may only consider the extension of its own frozen bundle,
or it may seek to maximize the value of the least-valued bun-
dle overall. These choices lead to different existential and
computational results. Thus, adapting existing solution con-
cepts to the completion setting is non-trivial.

Our Contributions. The main conceptual contribution of
our work is the formulation of the model of fair and effi-
cient completion of indivisible goods. In our model, the as-
signment of certain resources is fixed, while the remaining
resources can be flexibly assigned. We study the compu-
tational complexity of the completion problem for various
notions of fairness, including envy-freeness up to one good
(EF1), proportionality up to one good (Prop1l), and maximin
share (MMS), as well as their combinations with economic
efficiency (specifically, Pareto optimality). Our results, sum-



Binary Additive Lexicographic General Additive
Problem | | Standard | Completion Standard | Completion Standard Completion
Problem Problem Problem Problem Problem Problem
EF1 Poly’ NP-c (Th. 1) Poly’ | NP-c (Th. 3) Poly’ NP-c (Th. 6,7)
Propl Poly? Poly (Th. 2) Poly? Poly (Th. 4) Poly? NP-c (Th. 6,7)
MMS Po]y§ Poly (Th. 2) Poly<> Poly (Th. 5) 212,§ NP-h (Th. 9)
EF1+PO Poly”* NP-c (Cor. 1) Poly ? Pseudopoly NP-h (Cor. 3)
Propl+PO | Poly"™ | Poly (Cor.2) | Poly¥T | Poly (Th.4) Poly ¥ NP-h (Cor. 3)
MMS+PO Poly® Poly (Cor. 2) Poly ? ? ?

Table 1: Summary of our results for indivisible goods. Each row corresponds to a fairness/efficiency property. Each column
corresponds to a preference restriction and whether we are looking at the standard or the completion problem; ‘standard’
is a special case of completion problem when there are no frozen goods. Each cell shows the computational complexity of
the standard or completion problem under specific scenarios. Entries marked with { is due to (Caragiannis et al. 2019), I
is due to (Conitzer, Freeman, and Shah 2017), § is due to (Bouveret and Lemaitre 2016), § is due to (Aziz, Moulin, and
Sandomirskiy 2020), {> due to (Hosseini et al. 2021), * due to (Barman, Krishnamurthy, and Vaish 2018b) and A is due to

(Barman, Krishnamurthy, and Vaish 2018a)

marized in Table 1, span the well-studied class of additive
valuations as well as its subclasses such as binary additive
and lexicographic valuations. Some of the technical high-
lights of our work are:

* For binary additive valuations, we show that achieving
an EF1 completion is computationally intractable even
with the restrictiveness of preferences. This highlights a
stark contrast with the standard setting, where an EF1 al-
location can be computed efficiently (Lipton et al. 2004;
Conitzer, Freeman, and Shah 2017). However, for Prop1
and MMS notions (and their combinations with Pareto
optimality), we demonstrate that the completion problem
admits efficient algorithms. Moreover, we establish that
if the initial allocation (i.e., allocation of frozen goods) is
Pareto optimal, the existence of MMS+PO is guaranteed.

e For lexicographic valuations, we again encounter hard-
ness for EF1. This class of valuations is orthogonal
to the class of binary additive valuations; here, each
agent’s preference over bundles is determined by the
most preferred good in the set difference of the bun-
dles. Nevertheless, we show that the completion problem
for Propl, Propl1+PO, and MMS is tractable, highlight-
ing the difference between threshold-based notions and
envy-based fairness notions. The other completion prob-
lems (MMS+PO and EF1+PO) seem challenging, and we
leave them as open problems.

» For general additive valuations, we show that the com-
pletion problem for EF1 and Propl (and their combina-
tions with Pareto optimality) is NP-hard. This hardness
result holds even for two agents with additive valuations
and for three agents with identical additive valuations.
We also establish the hardness of deciding the existence
of an MMS allocation, a problem whose lower bound on
complexity is open in the standard setting. Moreover, we
demonstrate that o-MMS may not exist for every o > 0
even when the initial allocation is Pareto optimal.

Notably, our hardness results for general additive and binary
additive valuations hold even when the initial allocation is
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Pareto optimal.

Related Work. The idea of “completion” has been studied
in computational social choice (Brandt et al. 2016), although
under different motivation and technical assumptions than
ours. In the voting literature, the notion of possible and nec-
essary winners (Konczak and Lang 2005; Xia and Conitzer
2011) models completion of incomplete preferences (as op-
posed to allocations). In the fair division literature, the no-
tions of possible and necessary fairness consider agents with
ordinal preferences over the goods and examine all realiza-
tions of cardinal valuations that are consistent with these
preferences (Aziz, Schlotter, and Walsh 2023; Aziz et al.
2023).

Our approach of assuming frozen assignments is similar
to prior work by Dias et al. (Dias et al. 2003) on fixed and
forbidden pairs in the stable matching problem. Studying
forbidden assignments in fair division is a relevant direction
for future work.

We study binary additive and lexicographic valuations,
which are subclasses of additive valuations. These sub-
classes have been extensively studied in the fair division lit-
erature and have facilitated several positive existential and
algorithmic results for various fairness and efficiency no-
tions (Barman et al. 2022; Barman and Verma 2022; Ben-
abbou et al. 2021; Halpern et al. 2020; Babaioff, Ezra, and
Feige 2021; Hosseini et al. 2020, 2021, 2023; Hosseini,
Mammadov, and Was 2023). For example, a maximin share
(MMS) allocation always exists and can be efficiently com-
puted under binary additive and lexicographic valuations
while it might fail to exist for additive valuations (Kurokawa,
Procaccia, and Wang 2018).

Our work also connects with the literature on fair divi-
sion with subsidy (Halpern and Shah 2019), which compen-
sates agents with a divisible resource (e.g., money) to elim-
inate envy. The unallocated indivisible goods in our model
play a similar role as subsidy, but our focus is on achiev-
ing approximate—rather than exact—envy-freeness along-
side Pareto optimality.



Preliminaries

For any natural number s € N, let [s] :== {1,2,...,s}.

Problem instance. An instance of the fair completion
problem is given by the tuple (N, M,V, F') where N = [n]
denotes a set of n agents, M = [m] denotes a set of m in-
divisible goods, V = (v1,va,...,v,) denotes a valuation
profile, and F = (Fy, F», ..., F,) denotes the partial allo-
cation of frozen goods (explained below).

Valuation function. The valuation profile V consists of
the valuation functions vy, . ..,v,, where v; : 2" — R,
specifies the value that agent ¢ has for any subset of goods;
here, R, is the set of non-negative reals. Each agent values
the empty set at 0, i.e., for every ¢ € NN, vi((Z)) = 0. We will
assume that valuations are additive, which means that the
value of any subset of goods is equal to the sum of values of
the individual goods in that set. That is, for any ¢ € N and
S C M, v(5) = >, csvi({g}). For simplicity, we will
write v;(g) to denote v;({g}).

We will focus on two subclasses of additive valuations:
binary additive and lexicographic.

Binary additive valuations: We say that agents have bi-
nary additive valuations if for every agent ¢ € IV and every
good g € M, we have v;(g) € {0,1}. An agent i approves
a good g whenever v;(g) =1

Lexicographic valuations: We say that agents have lexico-
graphic valuations if each agent prefers any bundle contain-
ing its favorite good over any bundle that doesn’t, subject
to that, it prefers any bundle containing its second-favorite
good over any bundle that doesn’t, and so on. Formally, each
agent ¢ is associated with a strict and complete ranking >;
over the goods in M. Given any two distinct bundles X and
Y, agent ¢ prefers X over Y if and only if there exists a
good g € X \ 'Y such that any good in Y that is more prefer-
able than g is also contained in X, i.e., 3g € X \ Y such
that {¢' € Y : ¢’ =; g} C X. Note that the lexicographic
preference extension induces a total order over the bundles
in 2M, Also, lexicographic preferences can be specified us-
ing only an ordinal ranking over the goods (Hosseini et al.
2021).

Allocation. A partial allocation of the goods in M is an
ordered subpartition A = (Ay,...,A,) of M, where, for
all distinct i,j € N, A, N A; = 0 and U;enA; C M.
The subset A; is called the bundle of agent i. An allocation
is complete if all goods are allocated, i.e., U;enyA; = M.
For simplicity, we will use the term ‘allocation’ to refer to a
complete allocation and write ‘partial allocation’ otherwise.

Frozen allocation and completion. A frozen allocation
F = (F,...,F,) is a partial allocation of M that de-
notes the subset of goods that are pre-assigned to the agents;
that is, the goods in F; are irrevocably allocated to agent
to begin with. We will denote by U = M \ U;en F; the
set of unallocated goods, i.e., the goods that are not pre-
assigned. A completion C = (C1,Cs,...,C},) refers to an
allocation of the unallocated goods, i.e., U;eyC; = U and
C; N C; = 0 for all distinct ¢, € N. Define an n-tuple
A= (4y,...,A,)suchthatforeveryi € N, A; := F;UC;.
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Notice that A is a complete allocation of the goods in M. We
will say that allocation A completes the frozen allocation F'.

Fairness notions. A partial allocation A = (A44,...,A4,)
is said to be envy-free (EF) if for every pair of agents ¢, j €
N, we have v;(4;) > v;(A4;) (Gamow and Stern 1958; Fo-
ley 1967), and envy-free up to one good (EF1) if for every
pair of agents ¢, j € N such that A; # (), there exists some
good g € A; such that v;(4;) > v;(4; \ {g}) (Budish
2011; Lipton et al. 2004). We say that agent ¢ has EF1-
envy towards agent j if for every good g € A;, we have
vi(Ai) <vi(4;\ {g}).

A partial allocation A is proportional (Prop) if for each
agenti € N, we have v;(A;) > L -v;(M) (Steinhaus 1948),
and proportional up to one good (Propl) if for each agent
i € N, there exists a good g € Ug; A such that v;(A; U
{9}) = L .v;(M) (Conitzer, Freeman, and Shah 2017).

A partial allocation A is called maximin fair if every agent
receives a bundle of value at least its maximin share (MMS)
value. To define the MMS value of agent ¢, consider any
frozen allocation F'. The MMS partition of agent ¢ is an al-
location, say A, that completes F' such that the value of the
least-valued bundle in A is maximized (according to agent
1). Observe that agent ¢ evaluates all bundles of A under this
definition, not just the one that contains F;. The value of
the least-valued bundle under the MMS partition is called
the MMS value of agent ¢. Formally, the MMS value p; of
agent ¢ is defined as

max min v; (F; U C)),

1y =
Hi (C1,....Cpn)Ey jE[n]

where Iy denotes the set of all ordered n-partitions of the
set of unallocated goods U (the individual bundles in the par-
tition can be empty). An allocation A satisfies the maximin
fair share criterion (also denoted by MMYS) if each agent’s
utility under A is at least its MMS value, i.e., for each agent
i, v;(A;) > p,. Note that the frozen goods in the bundle F}
for j # i are not actually assigned to agent ; the definition
of MMS value ; considers a thought experiment from agent
1’s perspective wherein it wants to maximize the value of the
least-valued bundle by adding only the unallocated goods in
U. For any given «« > 0, we say that partial allocation A is
a-maximin fair (c-MMS) if every agent receives a bundle
of value at least « times its MMS value, i.e., for each agent
i, v;(A;) > o .

Pareto optimality. A partial allocation X is said to Pareto
dominate another partial allocation Y if for every agent 1,
v;(X;) > v;(Y;) and for some agent k, v (Xj) > vp(Yi). A
partial allocation is said to be Pareto optimal (PO) if no other
partial allocation Pareto dominates it. Note that we allow for
the (hypothetical) redistribution of the frozen goods when
considering Pareto domination. !

'One could consider a weaker form of Pareto optimality by
defining Pareto domination only by allocations that complete the
given frozen allocation. For additive valuations, this notion is
equivalent to the Pareto optimality with respect to only the unal-
located goods. Our algorithmic and hardness results continue to
hold for this notion.



We will also be interested in Pareto optimality of only the
frozen allocation. A frozen allocation F' = (Fy,...,F,) is
said to be Pareto optimal (with respect to the frozen goods in
U;en F;) if there is no other allocation of the frozen goods
that Pareto dominates F'.

p-COMPLETION. Let p denote any fairness property
(e.g., EF1, Propl, MMS) or a combination of fairness
and efficiency properties (e.g., EF1+PO). The computa-
tional problem p-COMPLETION takes as input an instance
(N, M,V, F) of the completion problem and asks whether
there exists a completion C' of the frozen allocation F' such
that the final allocation F' U C satisfies the property p.

The details omitted from the current version can be found
in the full version (HV, Igarashi, and Vaish 2024).

Binary Additive Valuations

We will start the discussion of our technical results with a
restricted subclass of additive valuations called binary addi-
tive valuations wherein, for each agent ¢ € /N and each good
g € M, we have v;(g) € {0,1}.

Envy-Freeness Up to One Good. In the standard setting
of fair division (i.e., without any frozen goods), an EF1 al-
location always exists and can be efficiently computed by
a simple round-robin algorithm (Caragiannis et al. 2019).
However, as discussed in the Introduction, an EF1 allocation
could fail to exist when some goods are pre-allocated. Our
first main result in this section is that EF1-COMPLETION
is computationally intractable even when the agents have bi-
nary additive valuations and even when the frozen allocation
is Pareto optimal. Note that, for binary additive valuations,
an allocation is Pareto optimal if and only if each good is
allocated to an agent who approves it.

Theorem 1. For binary additive valuations, EF1-
COMPLETION is NP-complete even when the frozen
allocation is Pareto optimal.

Intuitively, the construction in Theorem 1 -creates
“enough” envy in the frozen allocation such that compen-
sating for it amounts to solving a hard problem. Observe
that binary valuations significantly limit the design of the re-
duced instance, as the agents can only assign a value of 0 or
1 to the goods. Because of this limitation, it is not immedi-
ately clear whether reductions similar to those used for gen-
eral additive valuations (such as from PARTITION problem)
can be applied here. Our proof circumvents this challenge
by reducing from the EQUITABLE COLORING problem.

Formally, given an undirected graph G = (V, E'), a proper
coloring is an assignment 7: V' — [k] of colors to the ver-
tices of G where no two adjacent vertices have the same
color. Such a coloring is called equitable if the number of
vertices in any two color classes are the same. Given an
undirected graph G and a positive integer £, EQUITABLE
COLORING asks whether the graph G has an equitable col-
oring with a given number k of colors. This problem was
used by Hosseini et al. (Hosseini et al. 2019, Section 7.1) to
show that, in the standard fair division setting, checking the
existence of an envy-free allocation is NP-complete under
binary valuations.
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Proof of Theorem 1. Checking whether a given completion
is EF1 is clearly in NP. We present a reduction from EQUI-
TABLE COLORING to show NP-hardness.

Consider an instance (G, k) of EQUITABLE COLORING,
where G = (V, E) is an undirected graph and % is a positive
integer. Assume, without loss of generality, that there are
n = k - t vertices for some positive integer ¢. We construct
an instance of our problem as follows.

For each edge e = {u,v} € E, we create the edge
agent e. Additionally, we create color agents ci,co, ..., Ck
and a special agent s. For each vertex v € V, we create a
vertex good v. Additionally, there are (¢ + 1) dummy goods
di,...,diy1. Each color agent c¢; approves all the vertex
goods and the ¢ + 1 dummy goods dy, ..., d;11. Each edge
agent e approves the goods u, v corresponding to the ver-
tices incident to e only. The special agent s approves all the
dummy goods dy, ...,d;4+1 only. In a frozen allocation F,
the special agent s receives the dummy goods dy, ..., d;4+1
while the other agents receive nothing. Observe that F' is
Pareto optimal.

To show the equivalence of the solutions, let us first sup-
pose that there exists an EF1 allocation A that completes
F. We will show that there exists an equitable coloring
m: V — [k]. Now create an assignment 7: V' — [k] where
m(v) is the color class ¢ such that v € A,,. Observe that
each color agent c; needs to receive at least ¢ vertex goods
under the allocation A since otherwise, it would have EF1-
envy towards the special agent s. Since there are n = k - ¢
vertices, all vertex goods are allocated to color agents. Thus,
|7=1(i)| = t for each i € [k]. Further, no pair of vertices
incident to each edge e is allocated to c;; otherwise agent
e would have EF1-envy towards c; since e receives none of
the goods under A. Thus, 7 is a proper coloring. We thus
conclude that 7 is an equitable coloring.

Conversely, suppose that G admits an equitable coloring
7: V — [k]. Note that since 7 is equitable, |7~ (i)| = ¢ for
each ¢ € [k]. Then construct an allocation A such that agent
s receives the dummy goods d;, ..., d;41, each color agent
¢; receives exactly t vertex agents v from 7~ 1(i), and each
edge agent e receives nothing.

This allocation A completes F'. We claim that A is EF1.
Indeed, it is easy to see that the special agent does not envy
other agents. Each color agent obtains a value of at least ¢
and hence does not have EF1-envy towards the special agent
s. Each color agent envies none of the other agents.

Now consider any edge agent e. We know that since 7 is a
proper coloring, no pair of vertices incident to e is allocated
to the same color agent c¢;. Thus, from e’s perspective, the
valuation of every other agent’s bundle is at most 1. This
implies that A is EF1, as desired. ]

To obtain the stronger property combination of EF1 and
PO, a natural approach is to consider a completion that
maximizes Nash welfare (Caragiannis et al. 2019). More
precisely, a completion C (C1,...,Cy) is a maxi-
mum Nash welfare (MNW) completion if it maximizes the
number of agents, say n, receiving a positive utility, and
subject to that, the geometric mean of their utilities, i.e.,



1/n
argmax (HieN:vi(FiuC’i)>O vi(F U Ci))

If there is no frozen good, then a maximum Nash wel-
fare allocation is EF1 and PO. For binary additive valu-
ations, a maximum Nash welfare allocation can be com-
puted in polynomial time (Darmann and Schauer 2015; Bar-
man, Krishnamurthy, and Vaish 2018b). By contrast, a com-
pletion that maximizes Nash welfare could fail to be EF1
even when an EF1+PO completion exists (HV, Igarashi,
and Vaish 2024, Proposition 7). Furthermore, the EF1+PO-
COMPLETION problem turns out to be NP-complete. This
follows from the construction of Theorem 1 where each item
is allocated to an agent who approves it.

Corollary 1. EF1+PO-COMPLETION is NP-complete even
for agents with binary additive valuations.

Proportionality Up to One Good and Maximin Share.
In contrast to EF1, the completion problem can be efficiently
solved for Propl and MMS notions under binary additive
valuations.

Theorem 2. For binary additive valuations, MMS-
COMPLETION and Propl-COMPLETION can be solved in
polynomial time.

Proof sketch. The maximin fair share p; for each agent i €
N can be computed in polynomial time by iteratively assign-
ing each unallocated good approved by agent ¢ to a bundle of
minimum value from i’s viewpoint. Given a target threshold
(1i)ie N, we can compute whether there exists an allocation
that completes F' and gives value p; for each agent 7 us-
ing the maximum flow approach as follows: Create a source
node s and a sink node ¢. For each good j € U, introduce a
node g;. For each agent 7 € N, create a node a;. For each
good node g;, create an arc (s, g;) with capacity 1. For each
agent node a;, create an arc (a;, s) with unbounded capacity
and a lower quota of u; — v;(F;). For each good-agent pair
(g5, ai), if v;(j) = 1, then create an arc (g;, a;) with capac-
ity 1. The maximum flow in this network is always integral
and corresponds to a completion C' such that (F; U C;);en
is an MMS allocation.

For Prop1, one can similarly compute the desired thresh-
old as 2v;(M) — v;(F;) — 1 and set this as the lower quota
for each (ay, s) arc. O

Recall that for binary additive valuations, Pareto optimal-
ity is equivalent to assigning each good to an agent who
approves it. Thus, to achieve MMS and PO (respectively,
Propl and PO), it suffices to check whether a given frozen
allocation F' is Pareto optimal and whether we can obtain
an MMS allocation that completes F' by assigning goods to
agents who approve them. Combining this observation with
Theorem 2, we obtain the following corollary.

Corollary 2. For binary additive valuations, MMS+PO-
COMPLETION and Propl+PO-COMPLETION can be solved
in polynomial time.

Although Theorem 2 provides an efficient algorithm for
checking the existence of a Propl or an MMS comple-
tion, such a completion may not always exist (HV, Igarashi,
and Vaish 2024, Proposition 8). Our next result identifies
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a sufficient condition for guaranteeing the existence of an
MMS+PO completion.

Proposition 1. For binary additive valuations, if the frozen
allocation F' is PO with respect to the frozen goods, then an
MMS and PO allocation that completes ' always exists and
can be computed in polynomial time.

Lexicographic Valuations

In this section, we consider the class of lexicographic valu-
ations. Recall that lexicographic valuations can be specified
using only ordinal ranking over the goods. Furthermore, any
allocation that is EF1, Propl, MMS, or PO with respect to
this ordinal ranking also satisfies these properties with re-
spect to any consistent cardinal realization.

Envy-Freeness Up to One Good. We show that the EF1
completion problem is NP-complete even for lexicographic
valuations.

Theorem 3. EF1-COMPLETION is NP-complete even for
lexicographic valuations.

The detailed proof of Theorem 3 is deferred to the full ver-
sion (HV, Igarashi, and Vaish 2024) but a brief idea is as fol-
lows: The proof uses a reduction from RAINBOW COLOR-
ING, which is known to be NP-complete (Garey and Johnson
1979) and asks the following question: Given a hypergraph
H = (V, E) and aset of k colors {c1, ca, . . ., i }, does there
exist a coloring of the vertices in V' (i.e., an assignment of
each vertex to one of k colors) such that all vertices of each
hyperedge have different colors?

Observe that a necessary and sufficient condition for an
allocation to be EF1 under lexicographic preferences is that
no agent j has two or more goods that another agent 7 prefers
over the favorite good in ¢’s bundle. The reduction in The-
orem 3 enforces this property by creating an agent for each
hyperedge and setting up its preferences such that it prefers
all ‘vertex goods’ over the favorite frozen good in its bundle.
Further, the construction ensures that all vertex goods are
assigned only to the agents representing the k colors. Thus,
under any EF1 allocation, no two vertex goods are assigned
to the same color agent, ensuring the rainbow property.

It is relevant to note that, unlike binary valuations where
the value of a bundle depends only on the number of ap-
proved goods, the preferences under lexicographic valua-
tions depend on the identity of the goods. This distinction
between binary and lexicographic preferences also mani-
fests in the proof techniques: To show the hardness of EF1-
COMPLETION under binary valuations (Theorem 1), it was
more natural to reduce from EQUITABLE COLORING where
only the cardinality of the vertices needs to be balanced.
By contrast, EF1 for lexicographic preferences requires the
more preferred goods to go to separate agents, which is more
naturally executed via RAINBOW COLORING.

Proportionality Up to One Good and Maximin Share.
Although checking the existence of an EF1 completion is
NP-complete, there is an efficient algorithm for checking
whether there exists a completion satisfying the weaker fair-
ness notion of Propl (Proposition 2).



Proposition 2. Under lexicographic valuations, every al-
location satisfies Propl. Thus, Propl-COMPLETION can be
solved in polynomial time.

The reasoning behind Proposition 2 is that under lexico-
graphic valuations, the favorite good of an agent is more
valuable than all the other goods combined. Thus, under any
allocation, either an agent receives its favorite good, or, if it
doesn’t, then it can hypothetically add this good to its bun-
dle.

Under lexicographic valuations, an allocation is Pareto
optimal if and only if it satisfies sequencibility (Hosseini
et al. 2021).2 Therefore, the problem of finding a PO allo-
cation that completes a given frozen allocation reduces to
finding a completion such that the final allocation has a cor-
responding picking sequence of agents. The latter problem
can be solved efficiently by constructing a picking sequence
for the frozen allocation and extending it for the unallocated
goods (HV, Igarashi, and Vaish 2024, Theorem 10). The fol-
lowing is an immediate consequence of this observation and
Proposition 2.

Theorem 4. For lexicographic valuations, Propl+PO-
COMPLETION can be solved in polynomial time.

In the standard fair division setting, Hosseini et al. (Hos-
seini et al. 2020) obtain a characterization of an MMS allo-
cation for lexicographic valuations. They show that an allo-
cation is MMS if and only if each agent obtains one or more
of their top (n — 1) goods or all of their bottom (m —n+1)
goods. Such an allocation exists and can be computed in
polynomial time. By contrast, an MMS completion can fail
to exist for lexicographic valuations even when the frozen
allocation is Pareto optimal.

Proposition 3. There exists an instance with lexicographic
valuations for which an MMS allocation that completes the
given frozen allocation F' may not exist even when F' is
Pareto optimal with respect to the frozen goods.

Proof. Consider an instance with four goods f1, f2, g1, 92
and two agents with the following ranking over the goods:

agentl: gy =192 =1 f1 =1 f2
agent2: f1 =2 fa =2 g1 =2 g2

The underlined entries indicate the frozen good assigned to
the agent. Note that the frozen allocation F' is Pareto opti-
mal with respect to the frozen goods. The MMS partition of
agent 1 is (Fy U{g2}, FoU{g1}) and hence its maximin fair
share is v1 (F} U {g2}). On the other hand, the MMS parti-
tion of agent 2 is (Fy, F» U {g1, g2 }) and hence its maximin
fair share is v2(F5 U {g1,92}). Thus, to achieve MMS, we
need to allocate at least one of g; and g to agent 1, and,
simultaneously, both of g; and g- to agent 2, which is im-
possible. 0

2 An allocation is said to be sequencible if there exists a picking
sequence that induces it. Formally, an allocation A is sequencible if
there exists a string (a1, az, . .., am), where each a; € N denotes
the index of an agent, such that starting from a1, if each agent a;
picks its favorite remaining item on its turn, then the resulting allo-
cation is A.

14050

Nevertheless, we can design an efficient algorithm to
compute the maximin share for each agent for lexicographic
valuations. Intuitively, it suffices to identify frozen bundles,
say Fi, ..., F with v;(Fy) < ... < v;(F}y), whose val-
ues are less than the value of the most valuable unallocated
good and allocate each of the top (k — 1) unallocated goods
to the first £ — 1 bundles and the remaining goods to the last
bundle.

Proposition 4. For lexicographic valuations, the maximin
share value can be computed in polynomial time.

The detailed proof of the above proposition is deferred
to the full version (HV, Igarashi, and Vaish 2024). Propo-
sition 4 implies that MMS-COMPLETION belongs to NP
when agents have lexicographic valuations. Moreover, by
exploiting the structure of an MMS partition, we establish
the polynomial-time solvability of MMS-COMPLETION. A
crucial property here is that to ensure MMS for each agent,
it is sufficient to allocate either the empty bundle, a single
good, or a segment of their bottom-preferred unallocated
goods. This implies that if an MMS allocation exists, there
is one with at most one agent of the last type.

Theorem 5. For lexicographic valuations, MMS-

COMPLETION can be solved in polynomial time.

General Additive Valuations

In this section, we consider the class of general additive val-
uations.

Envy-Freeness Up to One Good and Proportionality Up
to One Good. Our first two results in this section show
that deciding the existence of an EF1 completion is compu-
tationally intractable even for two agents with additive valu-
ations and for three agents with identical additive valuations.
Given the intractability of EF1-COMPLETION, a natural ap-
proach in search of tractability results is to weaken the fair-
ness notion from EF1 to Propl. Unfortunately, using similar
proof techniques, it can be shown that the completion prob-
lem remains computationally hard even for Propl.

Theorem 6. EF1-COMPLETION and Propl-COMPLETION
are NP-complete even for two agents with additive valua-
tions.

Theorem 7. EF1-COMPLETION and Propl-COMPLETION
are NP-complete even for three agents with identical addi-
tive valuations.

Observe that under identical valuations, every allocation
is Pareto optimal. Thus, Theorem 7 also implies that check-
ing the existence of an EF1+PO (and, similarly, Prop1+PO)
completion is NP-hard.

Corollary 3. EF1+PO-COMPLETION and Propl+PO-
COMPLETION are NP-hard even for three agents with iden-
tical additive valuations.

Theorems 6 and 7 do not impose any structural restric-
tions on a frozen allocation. Our next result (Proposition 5)
shows that if the frozen allocation is “fair”’, we can circum-
vent the intractability of the completion problem. Formally,
given a partial allocation A, let us define its envy graph G 4



as a directed graph whose vertices are the agents and there
is an edge (i, 7) if and only if agent ¢ envies agent j under
A, ie., v;(A;) < vi(4;) (Lipton et al. 2004). Proposition 5
states that if the frozen allocation is EF1 and its envy graph
is acyclic, then an EF1 completion always exists and can be
efficiently computed.

Proposition 5. Suppose that a frozen allocation F' is EF1
and the envy graph with respect to F' is acyclic. Then, an
EF1 allocation that completes F' always exists and can be
computed in polynomial time.

Note that the two assumptions in Proposition 5 are nec-
essary to guarantee the existence of an EF1 completion and
its polynomial-time computability. In fact, if the frozen al-
location is EF1 but the envy graph contains a cycle, the
completion problem becomes computationally hard. For ex-
ample, we can construct an instance where the frozen al-
location is EF1, but every agent envies another (e.g., each
agent receives an item valued at 0, while all other agents re-
ceive items valued at a very large amount from their perspec-
tive). This setup essentially reduces the problem to deciding
whether there exists an envy-free allocation of the unallo-
cated items, which is known to be NP-hard even for binary
additive valuations (Bouveret and Lang 2008). Moreover, if
the envy graph of the frozen allocation is acyclic, our The-
orem 7 already demonstrates that the completion problem
remains hard (recall that for identical valuations, any alloca-
tion is Pareto-optimal).

Building on Proposition 5, we can show that for two
agents with identical valuations, there is a polynomial-time
algorithm for checking the existence of an EF1 or Propl
completion. Note that EF1 implies Propl but the opposite
may not hold. Indeed, an allocation that assigns two goods
to agent 1 and nothing to agent 2 is Prop1 but not EF1. Nev-
ertheless, a technique similar to that for EF1 also works for
Propl and two agents with identical additive valuations.

Theorem 8. For two agents with identical additive valua-
tions, EF1-COMPLETION and Propl-COMPLETION can be
solved in polynomial time.

As shown in Theorems 6 and 7, the EF1-COMPLETION
problem is NP-complete for three agents with identical val-
uations or two agents with possibly non-identical valuations.
Thus, our results present a tight demarcation of the frontier
of tractability for the EF1-COMPLETION problem. Further,
we note that EF1-COMPLETION problem for a general num-
ber of agents is strongly NP-complete; this can be observed
by carrying out a reduction from 3-PARTITION. The proof
of this result is deferred to the full version (HV, Igarashi,
and Vaish 2024).

Maximin Share. For additive valuations, an MMS alloca-
tion can fail to exist (Kurokawa, Procaccia, and Wang 2018),
buta (3/4+3/3836)-MMS allocation always exists (Akrami
and Garg 2024). By contrast, in the completion problem, it
is impossible to guarantee a-MMS for any « € (0, 1]. Intu-
itively, the failure occurs for an instance where each agent
1 thinks that the first ¢ agents should equally divide the un-
allocated goods and the remaining agents are already rich
enough. This discrepancy in agents’ valuations prohibits the
existence of an a-MMS completion.
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Proposition 6. For every a € (0, 1], there is an instance for
which no a-MMS allocation that completes a given frozen
allocation F' exists even when the frozen allocation F' is
Pareto optimal with respect to the frozen goods and each
bundle in F' contains at most one good.

Proof. Forevery n € N, let H,, = Z;’Zl
harmonic number. Consider any « € (0, 1], and let n € N be
such that 1 < %Hn; such n must exist since H, is strictly
monotone increasing. Let 0 < €1 < ey < ... < ¢, < 1.

Consider an instance of the completion problem with n
agents, n frozen goods, and ¢ unallocated goods with £ > n.
Construct a frozen allocation F' = (F1, ..., F,) where for
each agent ¢ € N, F; consists of a single frozen good f;
such that v;(f;) = € if j < iand v;(f;) = £if j > i. Here,
we have that for i € N, £ > i and each agent i € [n] has
the same preference ranking over the bundles, i.e., v;(F}) <
vi(Fz) < ... < v;(F,). Further, F' is Pareto optimal with
respect to the frozen goods since every agent 7 € N strictly
prefers good f; over f;_1, fi—2,..., f1-

Suppose every agent has a value of 1 for every unallocated
good. Note that the MMS value p; of agent¢ € N is at least
Lf], this can be achieved by assigning unallocated goods
among the first ¢ bundles as equally as possible.

Suppose towards a contradiction that there exists an a-
MMS allocation that completes F'. Then, agent ¢ € N
must be assigned at least o - [£] > « - £ unallocated
goods. Since there are ¢ unallocated goods, it must be that
{ > ZieN - %, or, equivalently, 1 > %Hn. But this con-
tradicts the assumption that 1 < 5 H,,. O

% denote the n'

In the standard setting of fair division, the decision prob-
lem of determining the existence of an MMS allocation is
in 212, (Bouveret and Lemaitre 2016); however, it remains
open whether the problem is NP-hard or even harder. A sim-
ple reduction from PARTITION shows that the search ver-
sion of the problem is NP-hard. It is easy to see that MMS-
COMPLETION includes the above decision problem as a spe-
cial case. Our final result shows that MMS-COMPLETION
is NP-hard even for two agents with additive valuations.
The proof of this result is deferred to the full version (HV,
Igarashi, and Vaish 2024).

Theorem 9. MMS-COMPLETION is NP-hard even for two
agents with additive valuations.

Conclusion

We initiated the study of fair and efficient completion of
indivisible goods and provided several algorithmic and in-
tractability results for this problem under additive valuations
as well as its subclasses. Going forward, it would be in-
teresting to study other types of resources such as chores,
combination of goods and chores, and combination of divis-
ible and indivisible resources (Bei et al. 2021). Additionally,
while our work only considers the case of frozen goods, it
would be interesting to also consider forbidden assignments
wherein certain items cannot be assigned to certain agents
under any completion.
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